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Abstract

The problem of electromagnetic scattering by a system of particles is considered. Starting
from the integral solution of the inhomogeneous wave equation, the equations for Green's
and transition operators are derived. By expanding the free-space dyadic Green's function
in terms of spherical wave functions, equations for determining the matrix elements of
the dyadic transition operators for system of particles are obtained. The relations between
the matrix elements of the dyadic transition operator and Waterman's 7 matrix are
established.

1 Introduction

Waterman's 7T-matrix formalism is widely used in acoustic and electromagnetic scattering problems [1]-
[4]. For the problem of electromagnetic scattering by aggregated (composite) particles the superposition
T-matrix approach has been developed (see, for example [2], [4]).

Alternative methods for treating the electromagnetic scattering problem are the quantum-mechanical
potential scattering approach [3], [5] and recently developed self consistent Green's function formalism
[6]. In [6] it is shown that, for suitable choice of expansion functions, the matrix elements of interaction
operator are related with Waterman's T-matrix.

In this paper we present rigorous and systematic derivation of the superposition 7-matrix approach,
which directly follows from the inhomogeneous wave equation. Starting from the complete integral
solution of the inhomogeneous wave equation for a time harmonic field, we obtain first the equations for
the Green's and transition operators. Then, expressing the free space dyadic Green's function in terms of
spherical wave functions and separatmg variables, we find the equation for determlmng the matrix
elements of transition operator T for a system of particles using the matrix elements of T for isolated
particles. We show that for divergence free electric field the matrix elements of 7', expressed in spherical
wave functions, directly connected to Waterman's 7" matrix.

2 Equation for particle-centered matrix elements of the dyadic transition
operator 7'

Let us consider electromagnetic scattering by a system of nonmagnetic scatterers assuming, as usual, that
the scatterers are embedded in an infinite, homogeneous, linear, isotropic, nonmagnetic and nonabsorbing
host medium. For this problem, it is well-known that everywhere in space the time harmonic electric field
satisfies the inhomogeneous differential equation [2]:

VxVxE(r)-k*E(r)=J(r). (1)
Here

J(r)= O(r) + (0 (r,0) - DE(r), 2
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m(r, ) = gy OO ko) (4)
m k- v

where J,(r)is a source of radiation, ¥, is volume of the source of radiation, ¥, and V; are the volumes
of the host medium and the i-th particle, respectively, 7, (r,w) is the complex refractive index of the i-th
particle relative to that of the host medium, m and m,(r,w) are the refractive indices of the host medium
and the i-th particle, respectively. £ and k,(r,®) are the wave numbers in the host medium and inside the
i-th particle, respectively.

The complete solution of Eq.(1) (see, for example [2]) is as follows:

E(r)=E, (1) + [ G,(r,r WX EX)d, (5)

where GO (r,r") is the free space dyadic Green’s functions, U(r’) is scattering potential [3], [5].
Eq. (5) can be written as follows:

E(r) = [ Gr,r, ), (r,)d’,, (6)

where G(r,ro) is dyadic Green’s function for whole system of scatterers. Introducing the transition
operator, related with the i-th particle and transition operators, related with the i-th and j-th particles (see
for example, [5]), one can write for G(r,r,) :
G(r.r,) = Gy (rx) + 2 [ [ Gy (e, T, (6 k)G () xd (7)
ij V; V/
Here T, (r/,r}) is transition operator, related with particles i and .
T () =T (S, + [ Tl Ve [ Gy (T, (el d e ®)
v, k#ip,
7""0" (r/,r”) is transition operator, related with particles i [3], [S]. Let us separate variables r and r/ (r,and

rj'.' etc.) in Eqgs.(7), (8) and express G, in terms of spherical wave functions. Then Eq.(7) can be written
in the following form:

Gr,x) =G, (r,x)—k* Y. > 80k )T}, 800" (kr!), ©9)
i,j Imli'm’
.~ - V®V
g =( 75 5% iy, (10
w (k) =" k)Y, (8,0, (11)

) (kr,) are scalar spherical wave functions, (7;,#%,¢,)are spherical coordinates of the radius-vector r, in
the coordinate system {x,,y,,z;} associated with the i-th particle.

T}, . are the matrix elements of the dyadic transition operator 7"7/ (R, +R/, R, + R;) :
T = [ [ Rew, GROT, (R, + R(, R, + R))Rey,,, (kR R [dR’, (12)
a7
Rey,, (kR7) = j,(kR))Y,, (5. ) , (13)

where Rgy,, (kR)) are scalar regular spherical wave functions.

The matrix ﬁ;i,m is a tensor of 2-nd rank (dyad) associated with the particles i and j (the particle-
centered matrix). It contains all possible scattering processes occurring while wave propagates from the

particle j to the particle i. The matrices 7.’ . are independent of the incidence and scattering directions as

Iml'm’
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well as of the polarization state of the incident field. They depend only on the configuration of the system
of particles, the properties of the component particles, their orientation, etc.

For the matrix elements 7. associated with isolated particles, we can write similar to (12) the

Iml'm’ >
following relation:

Iml'm

T = [ | Rey, (RDT) (R, + R, R, + R))Rgy,, (FR))AR R . (14)
ViV

Using the definitions (12), (14) and the addition theorems for scalar spherical wave functions (see, for
example, [7]), from Eq.(8) we have the following equation for matrix 7},{1,

T;ml m T;r(:t(llrz't 5)} Z T;r%l))nl z Z [‘—-‘Illmllzm2 ki ) Lmyl'm’ > (1 5)
Limy k#i lym,
7 — L+m, ()
Hllmllsz (k1) = ik(—1) Zgzm (kv )e(lmy [Lmy |1, —m,) (16)

lymy

-1, Q2L +D)(2L +1) s
c(bmy | Lm, |1, —m,) = i A 411_7[(2—134_21)671(?120(?/[1%12-"'2 > (17)

C,’foolzo and C;™ _  are Clebsh-Gordan coefficients [7].

Lmyly —m,

2 Relation between Waterman's 7 matrix and the matrix elements of the
dyad transition operator 7

Eq.(9) for Green's function and Eqs.(12),(14)-(16) for the matrix elements of the transition operators
are obtained for the following conditions: the Green's function must satisfy vector wave equation and

must be limited at infinity. Thus GO (r,r,) and G(r,ro) are not divergence free and contain both transverse

and longitudinal parts. For the system of uncharged particles electromagnetic field outside of source
region is purely transverse. Thus in Eq.(9) and Eqgs.(12), (14)-(16) one has left just the divergence free

transverse part of GO (r,r,)and é(r,ro) . For the transverse part of Green's function from Eq.(9) we can

write following equation:

( I)Ml 11
G”rr G’rr +k§ e ¥ M, (kr)®M, _  (kr,
(r,r,) = (r,ry)+i e LL+L (L, l){ LMLM, LM( ) L M.( o)

+TL1A2/IL,M,MLM (kr)®NL -M, (kr0)+TL2A11L, M AN Ly (kr)®ML1—M1 (kr0)+TL2}\3[L,M, LM (kr)®NL1—M1 (kl‘o)},

(18)

T, =JLL+DL(L +1) T ikj jRgMLM(kR’) T('+Rr"+R")RgM,, ,, (kR")d’R'd’R’, (19)
T, =NLLADLEL +1T) [ TSI R f;z,;lj ik[ [ ReM,, (RR) T RgN, ., (R")'R@R", (20)
Vv

T, =L A+DL(L +1) [‘/zL Tk — /ZLL *l fm‘j;wj—ik [[ReN,, (kR)) T RgM,,, (kR")d'R'd’R’, (21)
Vv

L(L+1)L (L, +1
R o LR N/ T N 77 VAR 7 BN VAR s U (YA e

QL+1)(2L, +1) “ 22)
=ik j j RgN}, (kR") T(r'+R’,x"+R")RgN, ,, (kR")d’R'd’R”,
Vv
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In Eqs.(19)-(22) the dyadic transition operator 7 for the system of particles is defined by Eq.(8) whereas
for isolated particles it is the transition operator related with a particle [5]. M, (kr), N, (kr) are vector
spherical wave functions [2]. In (19)-(22) the matrix elements 7, L’,ﬂ‘ﬂl w, (I=L,L%1) are related with
cyclical components 7,/ (g and ¢, take values0,%1)) of T, (see Eq.(12), Eq.(14)) by the equations:

Imlymy 'mlymy
Ih _ s _1\9ta LM LM, 949, 9 _ i Z _1\9ta LM LM, Ih
TLMLIM, - lkzz( 1) C'lml—qC'llmll—ql T;mllm, ’ T;ml,ml - ik ( 1) Cj]ml—q(jllmll—q1 TLML,M, (2’3)
mmy 44, LML M,

From Egs.(5), (6), (18) one can obtain the expansions for scattered and incident fields:
E, (r)= Z(pLMMLM (kr)+q, N,y (kr)), E, ()= Z (., ReM (k') +b,, RgN,, (kr)), (24)
LM LM

where scattering coefficients are related with expansion coefficients of incident field through the matrix

elements (19)-(22) T2,
[pLMj _ 1 Z TLIAI/ILIMI TLIAZ/ILIM, aLm, (25)
dim L(L+1) LM, T, L21\14L,M, T, L21\31L1M, bLlMl

LML M,
Thus the matrix elements of transition operator, which are defined by the relations (19)-(22), are the

elements of Waterman's 7 matrix and the matrix elements of 7 defined by the relations (12), (14) are
related with Waterman's 7 matrix by relations (19)-(22) and (23). Consequently, for the elements of T
matrix we have a similar to (15) equation, that allows calculating the T matrix for system of particles
using 7 matrices for individual particles of the system.

3 Conclusion

In this paper the matrix elements of 7 we expressed in terms of spherical wave functions. As a result,
Eq.(15) for the particle-centered 7 matrices (T”) is obtained for the condition: the smallest spheres
circumscribing particles must not overlap with each other. These restrictions are known in the
superposition T-matrix approach as well [2]. But the expression in terms of spherical wave functions is
not the only possible one. For example, other possible expressions are the expressions in terms of
spheroidal or cylindrical wave functions. Being expressed in terms of such function the 7" matrices for the
cluster of particles must satisfy the following condition: the smallest spheroids (smallest cylinders)
circumscribing particles must not overlap with each other. Note that independently of the chosen
expansion functions, Eq.(15) for T’ in the matrix form must be the same, since they are the consequence
of more general equations (8) for operators. The key condition is that in the chosen function basis, one
could separate variables for the Green's function.
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