Determination of Frequency Band of Phonons Conducting Heat in Fractal Media
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INTRODUCTION
It is believed that the mechanism of conducting heat in dielectric materials is the diffusion of phonons[1,2]. By far the research on the diffusion of phonons has been almost limited in homogenous media whose configuration can be described by Euclidean geometry. As the increase of the application of superfine powder and highly disorder membrane in the chemical industry, medical industry, food industry, telecommunications, material industry[3,4], researchers find themselves in such a situation that they do not know how to describe the geometric configuration of these highly disorder materials by the conventional Euclidean geometry. The fractal concept developed in the 70s of the last century comes into the light of researchers[5]. For the simplicity, the highly disorder media which can be described by the fractal are called the fractal media in order to distinguish these media from the homogenous media[6]. It is known that the concept of phonons carrying energy without quasi-momentum can also be dealt with as heat conduction in the fractal media. The diffusion of phonons in fractal is different from that in homogenous media and some anomalous behaviors have been found[7~10]. The effect of these anomalous behaviors on the electricity in the fractal medium is governed by the Nernst-Einstein equation[8]. But the effect on the heat conduction has not been analyzed. The present research is to investigate the necessary condition under which the phonons conduct the heat in a fractal medium, and to probe into the frequency band of the specific heat capacity at constant volume in fractal media.

THE CONDITON OF CONDUCTING HEAT IN FRACTAL MEDIA
Heat conduction is the effect of the phonon diffusion in the fractal media and the effect can be analogous to the heat conduction in gaseous media which is the result of random movement (Brownian movement) of a considerable number of molecules, or the result of collisions among phonons[2]. Only the phonons with the random walk path X larger than mean free path, 
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 could collide with one another. For the convenience of illustration, if both the statistical average value of random walk path X and the mean free path are used for the condition of collision, the following holds true:
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On the other hand, when the distance investigated is larger than correlation length (, the medium is homogenous, otherwise the medium is fractal[8]. The upper limitation of the random walk distance in a fractal medium is the correlation length, that is
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The combination of the above two conditions gives a condition for the phonons to conduct heat in fractal medium 
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That is to say that only those phonons satisfying the equation (3) contribute to the heat conduction in the fractal medium.

Frequency band OF THE SPECIFIC HEAT OF A FRACTAL MEDIUM
It is known that the dispersion relation in a homogenous medium is linear:
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But the dispersion relation in the fractal medium is[8]
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where df is the fractal dimension of the fractal medium, and ds the spectral dimension, 
[image: image7.wmf]l

, the wave length, ( and u the frequency and velocity of phonons, respectively (the velocity is taken as the mean velocity in solid[1, 2]). The random walk distance of a phonon depends theoretically on the wave length of the lattice vibration, but the quantitative relationship has not been found by now. If the relationship is supposed to be linear, then
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where 
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 is a constant. By introducing the dispersion relation, the equation (3) can be written as:
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where 
[image: image11.wmf]A

u

d

d

º

+

]

/[

)

/

1

(

s

f

jl

 depends on the geometrical configuration. It is known from the equation (7) that the phonons satisfying this equation contribute to heat conduction in the fractal media. So the equation (7) gives the frequency band of the phonons conducting heat. This means that in the calculation of the heat conduction in the fractal media, the integral of specific heat at constant volume is from Al to A( instead of from zero to (m in the homogenous media. The correlation length l is considered to be the average size of the percolation cluster[8]. After determining of the fractal dimension df and particle size a, the correlation length is obtained by the following equation [8]
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where ((a) and ((() are the real density and bulk density of the fractal medium respectively, and d is the dimension in Euclidean space. The medium used in the present research is a disperse system(or called bulk material), that is, any assembly of a large number of discrete solid particles, and has wide application in the deposit, transportation and combustion of coal, the heat transfer in chemical reaction and catalytic reaction process, the drying process, the preservation of food, the heat transfer of casting, the particulate fouling in heat exchangers, etc. It can be proved that the geometric configuration of the disperse system has the characteristics, and is a kind of random fractal medium[6]. The mean free path of phonons in the disperse system can be determined by the similar method used in determining the mean free path of molecules in a gaseous medium.

SPECIFIC HEAT OF FRACTAL MEDIA
The wave number q is not a good quantum number because the dispersion relation does not hold for non-crystal. The investigation shows that the concept of the frequency distribution is still suitable for these disorder fractal media, and the dispersion relation is similar to the equation (5)[8], this is also proved by numerical studies on the frequency distributions in the crystalline silicon and the non-crystalline silicon. It is concluded from the fact that the frequency distribution functions describing lattice vibrations 
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 have the same form for the same material regardless it is crystal or non-crystal. The specific heat at constant volume is expressed in terms of frequency distribution function[2]
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where 
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 is Planck number, kB is Boltzmann constant. The vibration frequency can take the form (=cq2, where c is a proportional constant. By substituting this relation into the frequency distribution function g((), the equation (9) becomes
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where V is the volume of solid. This is the expression of specific heat for a homogenous medium. The frequency band of elastic vibration is theoretically from zero to infinite. In order to avoid the divergence in integrating the equation (10), Debye has made the following simplified hypotheses: the short wave with its frequency less than (m is negligible, and (m can be determined according to the degree of freedom. 

For the fractal medium, the mode density function is similar to that of homogenous media. It can be concluded from the equations (9) and (10) that the expression of the specific heat at constant volume is also similar to that of homogenous media except for the frequency band at the range of Al-A(, instead of from zero to infinite
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Thus the ratio of specific heat at constant volume of the fractal medium to that of homogenous medium made in the same material is: 
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Although eq. (12) is difficult to solve, but by setting 
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It is obvious that 
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<1 is true.
The equation (13) shows that the specific heat at constant volume of the fractal medium is always smaller than that of a homogenous medium made of the same material. Furthermore the mean free path of phonons in the fractal medium is also smaller than that in a homogenous medium[11]. Thus it is concluded that the thermal conductivity of the fractal medium is less than that of a homogenous medium. Although it has not been verified experimentally, this conclusion agrees well with the understanding[1] and is confirmed indirectly by Chen et al.[12].

CONCLUSION
1． The frequency band of phonons conducting heat in a fractal medium is in the range of Al~A( instead of from zero to (m as in a homogenous medium.
2． The specific heat at constant volume of a fractal medium is less than that of a homogenous medium made of the same material.
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